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tv. A mofi compendious and facile Method foe 
ConjhruSting the Logarithms 3 exemplified and 
demonjlrated from the Nature of Numbers , 
without any regard to the Hyperbola , with 
a Jpeedy Method for finding the Number from 
the Logarithm given. By E. Halley. 

'~]p H E Invention of the Logarithms is juftly efteemed 
J one of the meft Ul'etui Diicoveries in the Art of Num¬ 
bers, and accordingly has had an Universal Reception and 
Appiaufe; and the great Geometricians of this Age have not 
been wanting to cultivate this Subject with all the Accuracy 
and Subtiky a matter of that consequence doth require ; and 
they have demon'Irated feveral very admirable Properties of 
thele Artificial Numbers, which have rendred their Conftru- 
<aion much more facile than by thole operole Methods at firft 
ufed by their truly Noble Inventer’the Lord Napeir , and our 
worthy Country-man Mr. Briggs. 

But notwithstanding all their Endeavours, I find very few 
of thole who make conftant ule of Logarithms, to have at¬ 
tained an adequate Notion of them, to know how to riiake 
or examine them $ or to underltand the extent of the ule of 
them: Contenting themfelves with the Tables of them as 
they find them,withour daring to queftion them, or caring to 
know how to re&ifie them, Ihould they be found amils,being 
I fuppofe under the apprehenfion of home great difficulty 
therein. For the fake of fuch the following Trad is prin¬ 
cipally intended, but not without hopes however to produce 
lomething that may be acceptable to the moft knowing in 
thefe matters. 

But firft, it may be requifite to premife a definition of Lo¬ 
garithms, in order to t ender the enfuing Dilcourfe more clear, 
the rather becaule the old one Numerorum proportionalium aqui 
diff'ertntes comites , feems too fcanty to define them fully. They 
may much more properly be laid to be Numeri Rationum Ex¬ 
ponent es : Wherein we confider ratio as a Quant it as fui generis, 
beginning from the ratio of equality , or i to i = o j being 
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Affirmative when the ratio is inereafing, as of Unity to a 
greater Number but Negative when decreafing; and thefe 
rationes we fiippofe to be meafured by the Number of ratitrn- 
cttla contained in each. Now thefe ratiuncula are fb to be 
underftood as in a continued Scale of Proportionals infinite 
in Number between the two terms of the ratio, which infinite 
Number of mean Proportionals is to that infinite Number of 
the like and equal ratiuncula between any other two terms, 
as the Logarithm of the one ratio is to the Logarithm of the 
other. Thus if there befuppofed between i and 10 an infi¬ 
nite Scale of mean ProportionaIs,whofe Number is iooooo &c. 
in infinitum ; between i and 2 there fhall be 30102 &c. of 
fuch Proportionals, and between 1 and 3 there will be 
47712 &c. of them, which Numbers therefore are the Lo¬ 
garithms of the rationes of 1 to 10, 1 to 2, and 1 to 3 ; and 
not fo properly to he called the Logarithms of 10, 2 and 3. 

This being laid down, it is obvious that if between Uni¬ 
ty and any Number propofed, there be taken any infinity 
of mean Proportionals, the infinitely little augment or decre¬ 
ment of the firft of thofe means from Unity, will he a ra- 
timcula , that is, the momentum or Fluxion of the ratio of U- 
nity to the faid Number: And feeing that in thefe continual 
Proportionals all the ratiuncula: are equal, their Sum, or the 
whole ratio will be as the faid momentum is directly ; that is, 
the Logarithm of each ratio will be as the Fluxion thereof. 
Wherefore if the Root of any Infinite Power be extracted 
out of any Number, the differentiola of the faid Root from 
Unity, fhall be as the Logarithm of that Number. So that 
Logarithms thus produced may be of as many forms as you 
pleafe to alTume infinite Indices of the Power whofc Root you 
fesk : as if the Index be fuppofed iooooo dfc. infinitely, the 
Roots fhall be tire Logarithms invented by the Lord Napeir | 
but if the laid Index were 2302585' &c. Mr. Briggs's Loga¬ 
rithms would immediately be produced. And if you pleafe 
to flop at any number of Figures, and not to continue them 
on, it wilHuffice to alTume ail Index of a Figure or two more 
than your intended Logarithm is to have, as Mr. Briggs did, 
who to have his Logarithms true to 14 places, by continual 
exrra&ton of the Square Root, at laft came to have the Root 
of the 140737488355328 rh. Power3 but how operofe that 
Extraction was, will be eafily judged by whofo shall under- 
ukeio examine his Calculus. Now 
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Now, though the Notion of an Infinite Power may feeiti 
very ftrange, and to thofe that know the difficulty of the 
Extraction of the Roots of High powers, perhaps Lnpracil. 
cable; yet by the help of that admirable Invention of Mr. 
New ion, whereby he determines the Umiat or Numbers pre- 
tixc to the Members- compofing Powers (on which chiefly 
depends the Dodtrine of Series) the Infinity of the index con¬ 
tributes to render the Expreiiion much more cane: For if the 
Infinite Power to be reiblvsd be puc (after Mr. Newton % Me¬ 


thod ) p --f- p q, p -J- p q\ m or i -j- q{'“> inftead of i -j- m q - 
3 m-\-2 m m r i — 6m -\-r 
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~q’~t 


* 6 m* 11 

&c. (which is the Root when m is finite, ) becomes 
, 1 1 > 1 1 , 1 

l + ~f — ‘— q q ~r “— q % -f-"— 4-— ~q s . Sec, m m 

1 m 1 2 m 1 4 1 5 m 1 ' A^m 1 1 f m * * 

being infinite infinite, and confequently whatever h divided 

thereby vaniihing. Hence it follows that ~ multiplied into 


f —v f q -j-' jqqq — \ t *4" r f &c- is the augment of the 
firft of onr mean Proportionals between Unity and i -j- #>, 
and is therefore the Logarithm of the ratio of i to i -j- e>‘ t 
and whereas the infinite Index m may be taken at pfeafore, 
the feveral Scales of Logarithms to fuch Indices will be as 


— or reciprocally as the Indices. And if the Index be taken 

1000c See. as in the cafe of Napeir’i Logarithms,they will be 
limply q — l : q q -f- \ q q q — | f 4 ef — j f &C, 

Again, if the Logarithm of a decreufing ratio be fought. 
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, q e Sec. whence the 


the infinite Root of x — « or i 

_ i _r_ 4 _1_ 
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decrement of the firft of our infinite Number of Propor¬ 
tionals will be ~ into q + k -H ? 4 -H f -H q* Sec. 

which therefore will be as the Logarithm of the ratio of U- 
nity to 1 — g. But if m be put 100,00 &c. then the laid Lo¬ 
garithm will b6 f + ? + 7 +"£$ 4 + ? f -f i f Sec. 


Hence 
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Hence the terms of any ratio being a and b, q becomes 
£_ a 

-or the difference divided by the leffer term, when ’tis 

b —* a 

an increafing ratio ; or —— when ’tis decreafing or as b to a, 

Whence the Logarithm of the fame ratio may be doubly ex- 
preft, for putting # for the difference of the terms a and b t 
ic will be either 

IfJ y4 yl 
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But if the ratio of atob be fiippofed divided into two parts, 
viz* into the ratio of a to the Arithmetical Mean between 
the terms, and the ratio of the faid Arithmetical Mean to the 
other term b, then will the Sum of the Logarithms of thofe 
two rationes be the Logarithm of the ratio of a to b ; and fub- 
ftituting { z inftead of b the faid Arithmetical Mean, 

the Logarithms of thofe rationes will be by the foregoing 
Rule, 

• x * , 0 J 
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the Sum 


be the Logarithm of the ratio of a to b, whole difference is 
m and Sum z. And this Series converges twice as fwift as the 
former, and therefore is more proper for the Pradice of ma¬ 
king of Logarithms: Which it performs with that expedition, 
that where x the difference is but the hundredth part of the 
i oc 

Sum, the firft ftep — fuffices to fetren places of the Loga- 

rithm,. and the fecond ftep to twelve; But if Briggs's firft 
Twenty Chiliads of Logarithms be fuppofed made, as he has 
very carefully computed them,to fourteen places, the firft ftep 
alone is capable to give the Logarithm of any intermediate 
Number true to all the places of thole Tables. 

L After 
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After the fame manner may the difference of the faid two 
Logarithms be very fitly applyed to find the Logarithms of 
Prime Numbers.having the Logarithms of the two next Num¬ 
bers above and below them: For the difference of the ratio of 
a to? z and of las to b is the ratio of ab to \zz, and the 
half of that ratio is that of V ab to f as, or of the Geometri¬ 
cal Mean to the Arithmetical. And confequently the Loga¬ 
rithm thereof will be the half difference of the "Logarithms 
of thole rat'tones, viz,. 


i . 

— intri 


x 

zz 



. «* 
6 z e ' 8 as* 


See. 


Which is a Theorem of good difpatch to find the Logarithm 
of £ z. Bur the fame is yet much more advantageoufly per¬ 
formed by a Rule derived from the foregoing, and beyond 
which in my Opinion nothing better can be hoped. For the 
raticof a b to \ zz or \ aa-^f-?ab '\-\bb i has the difference 
of its terms~<j<j— ?ab-^~\bb or the Square of \a — ?b=%xx, 
which in the prefenc cafe of finding the Logarithms of Prime 
Numbers is always Unity, and calling the Sum of the terms 
- z z-\-a b~yy, the Logarithm of the ratio of Va b to ? a-\- ~ b 
or ? z will be found 


* in Lj. _i_4._J_ 

' • ' N/ ' f7‘° 


m y y 


f- i T4 + “i&C. 

7 y 1 * 1 9 y 1 * 


which converges very much fa Her than any Theorem hither¬ 
to publifhed for this purpofe. 

Here note that ^ is all along applyed to adapt thele Rules? 

to all forts of Logarithms. If m be 10000 &c. it may be neg¬ 
lected, and you will have Napei/s Logarithms, as was hinted 
before j but if you defire Briggs’s Logarithms, which are now 
generally received, you mult divide your Series by 
2,30158509:1994045684017991454684364207601101488628772976033328 
or multiply it by the reciprocal thereof, viz. 
«j434 2 '9448i9°3 i 5i82765i 128918916605082194397005803666566114454 
But to lave fb operofe a Multiplication (which is more 
than all the reft of the Work) it is expedient to Divide this 
Multiplicator by the Powers of z, or y continually, accord¬ 
ing to the diredion of the Theorem, efpecially where x is 
finall and Integer, referving the proper Quotes to be added 
together, when you have produced your Logarithm to as 

many 
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many Figures as you dcfire, of which Method I will give a 
Specimen. 

If the Curiofity of any Gentleman that, has leilure would 
prompt him to undertake to do the Logarithms of all Prime 
Numbers under 100000 to 25 or 30 Figures., I dare allure 
him that the facility of this Method will invite him thereto, 
nor can any thing more eafie be defired. And to encourage 
him, I here give the Logarithms of the firft Prime Numbers 
under 20 to fixty places, computed by the accurate Pen of 
Mr. Abraham Sharp, (from whole Indullry and Capacity the 
World may in time expeft great Performances) as they were 
communicated to me by our common Friend Mr .Euclid 
Speidali. 

Numb. Logarithm. 

2 0,3010299956639811952137388947244930267681898811462108 541310427 

3 0,477121254719662437295027903255 r15309200128864190695864829866 

7 0,845098040014256830712216258592636193483572396323965406503835 

11 1,041392685158225040750199971243024241706702190466453094596539 

13 1,113943352306837769206541895026246254561189005053673288598083 

17 1,230448921378273028540169894328337030007567378425046397380368 

19 1,278753600952828961536333475756929317951129337394497598906819 

The next Prime Number is 23,which 1 will take for an Ex¬ 
ample of the foregoing Doftrine j and by the firft Rules, the 
Logarithm of the ratio of 22 to 23 will be found to be ei¬ 
ther 

jt__r__1_i__ . 1 

22 968~*~3i944 937024 ' 25768160 6CC- or 

1 , 1 . 1 _ i_ _, 1 

23 '*"1058'" 36501 1119364’'” 32181715 c ' 

As likewife that of the ratio of 23 to 24 by a like Procels. 

1 . 1 1 __ 

23 1058 ' 36501 1119364 * 32181715^* or 

i-L—— -1—JL. — i — j- l - &c 

24 ' 1152 41472 1 1327104 1 39813120 

L 2 


And 
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And this is the Refult of the Do&rine of Mtrcater , as im¬ 
proved by the Learned Dr. Wallis. But by the fecond Theo- 

2 2 2 X* 

xem, w'si. — 4--— &c. the lame Logarithms are ob¬ 

tained by fewer Iteps. To wit, 

2 2 _ 2 _, _ 2 _ 

45 ' 273375’' 922640625 ' 2615686171875 c ‘ am * 


— 4_- =—~JL. -- - _L---& c 

47 r 3II469 ‘ IX4672J03J r 3^46361843241 

which was invented and demonftrated in the Hyperbolick 
Spaces Analogous to the Logarithms, by the Excellent Mr. 
"James Gregory, in b\s m Exercit at tones Geometries, and fince fur¬ 
ther profecuted by the aforefaid Mr. Speidall , in a late Treatife 
in Er,gli(h by him publifhed on this Subjed. But the Demon- 
ftration as I conceive was never till now perfected without 
the confideration of the Hyperbola, which in a matter purely 
Arithmetical as this is, cannot fo properly be applyed. But 
what follows I think I may more juftly claim as my own,w?j. 
That the Logarithm of the ratio of the Geometrical Mean to 
the Arithmetical between 22 and 24, or of ^528 to 23 will 
be found to be either 


1058 “^1119364+ 888215334"^" 626487882248 ^ c * or 


-I - - J_i-gr- 

IOJ?^ 3542796579 “659676558485285 ' 

All thefe Series being to be multiplyed into 0,4342944819 &c. 
if you defign to make the Logarithm of Briggs. But with 
great Advantage in refped of the Work, the faid 4342944819 
&c. is divided by 1057, and the Quotient thereof again di¬ 
vided by three times the Square of 1057, and that Quotient 
again by j of that Square, and that Quotient by | thereof, 
and fo forth, till you have as many Figures of your Logarithm 
as you defire. As for Example, The Logarithm of the Geo¬ 
metrical Mean between 22 and 24 is found by the Logarithms 
of 2, 3 and 11 to be 


1.36131696126690612945009172669805 
1057)43429 &c.( 41087462810146814347315886368 

in 1117249)41087 &c.( 12258521544181829460074 

in 1117249)12258 &&( 6583235184376175 

in 1117249)65832 &c.( 4208829765 

in 1117249)42088 &c.(_ 2930 

Summa 1.36172783601759287886777711225117 
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Which is the Logarithm of 2; to thirty two places, and ob¬ 
tained by five Divifions with very finall Divifors , all which is 
much lefs work than (imply multiplying the Series into the 
faid Multiplicator 43429 See. 

Before I pals on to the converfe of this Problem, or to (hew 
how to find the Number appertaining to a Logarithm affigned, 
it will be requifite to advertife the Reader, that there is a (mail 
miftake in the aforefaid Mr. James Gregory’s Vera Quadratwra 
Circuit & Hyperbola, publifhed at Padua Anno 1661, wherein 
he applies his Quadrature of the Hyperbola to the making 
the Logarithms; In fag. 48. he gives the Computation of 
the Lord Napeir’s Logarithm of 10, to five and twenty pla¬ 
ces, and finds it 2302y85'o9299404y6i46i787o inftead of 
2302f8f09299404^684017991, erring in the eighteenth Fi¬ 
gure, as I was allured upon my own Examination of the 
Number I here give you, and by comparifcn thereof with 
the lame wrought by another hand, agreeing therewith to 
57 of the 60 places. Being defirous to be latisfied how this 
difference arofe, I took the no fmall trouble of examining 
Mr. Gregory’s Work, and at length found that in the inlcri- 
bed Polygon of 512 Sides, in the eighteenth Figure was a o 
inftead of 9, which being rectified, and the fubfequent Work 
corrected therefrom, the relult did agree to a Unite with our 
Number. And this I propole not to Cavil at an eafie mi¬ 
ftake in managing of lb vafi Numbers, efpecially by a Hand 
that has lb well deferved of the Mathematical Sciences, but 
to fhew the exadfc coincidence of two Co very differing Me¬ 
thods to make Logarithms, which might otherwife have been 
queftioned. 

From the Logarithm given to find what ratio it expreffes, 
is a Problem that has not been lo much confidered as the for¬ 
mer, but which is folved with the like eafe, and demonftra- 
ted by a like Procefs, from the fame general Theorem of 
Mr. Newton : For as the Logarithm, of the ratio of 1 to i-j-j 

was proved to be 1 -f- ™—1, and that of the ratio of 1 
—_L 

to i — q to be 1 — 1 — q\ m : fb the Logarithm, which we 
will from henceforth call L, being given, 1 -j-L will be equal 

to t-f-jj m in the one cafe j and 1—L will be equal to 

1 —.f 
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i — q\ m in the other: Confequently i-j-L) will be equal 

to 1 -\-q, and i — L j m to i ■—q j that is, according to Mr. 
Newtons faid Rule, i 4 " m L 4 ~ 4 n * ^* 4 " 5 L* -J- *-* w» 4 L 4 
-}- r f 3 m s V See. will be = i 4 * and 1 — L -j- 4 w 1 L* 
— — rf» »>* L* &c. will beequal to i — q, 

m being any infinite Index whatfoever, which is a full and 
general Propofition from the Logarithm given to find the 
Number, be the Species of Logarithm what it will. But if 
Napeir’s Logarithm be given, the Multiplication by m is laved, 
( which Multiplication is indeed no other than the reducing 
the other Specks to his) and the Series will be more fimple, 
•six,, i ►J- L-f' i LL“ 4 " « k 5 4 " L 4 -f- ilg U See. or i —L 
4 - 1 L L — i V -f- x? L 4 — t\o L* &c. This Series , efpeci- 
ally in great Numbers, converges fo flowly, that it were io 
be wifhed it could be contra&ed. 

If one term of the ratio, whereof L is the Logarithm, be 
given,the other term will be had eafily by the fame Rule: For 
if L were Napeir’s Logarithm of the ratio of a the lefter to o 
the greater term, b would be the Product of a into i 4 * L 
4 ~ f L L 4 " # L L L See. — a 4 " I** 4 * 4 & L L "-I - j a L* See. 
But if b were given,*? would be= b — b L 4 ~ 4 b LL—I bU See. 
Whence by the help of the Chiliads, the Number appertain¬ 
ing to any Logarithm will be exactly had to the utmoft ex¬ 
tent of the Tables. If you feek the neareft next Logarithm, 
whether greater or lefler, and call its Number a if lefler, or 
b if greater than the given L,and the difference thereof from 
the laid neareft Logarithm you call /j it will follow that the 
Number anfwering to the Logarithm L will be either a into 
J A ~ l 4 4 "rfs l* See. orelfe b into i — l 

4_| ll — i III 4- I 4 — its &c. wherein as l is leG, the 
Series will converge the fwifter. And if the firft 20000 Lo¬ 
garithms be given to fourteen places, there is rarely occafion 
for the three firft fteps of this Series to find the Number to as 
many places. But for Ulacqs great Canon of 100000 Loga 
rithms, which is made but to ten places, there is fcarce ever 
need for more than the firft ftep a-{-alor a^-maiin one 
cafe, or elfe b — blotb—mbl in the other, to have the 
Number true to as many Figures as thofe Logarithms confift 
of. 


If 
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If future Induftry fhall ever produce Logarithtnick Tables 
to many more places* than no w we have them; the aforelaid 
Theorems wifi be of more ufe to deduce the corfelpondent 
Natural Numbers to all the places thereof. In order to make 
the firft Chiliad ferve all Ufes, I was defirous to contract this 
Series, wherein all the Powers of l are prefenr, into one*where¬ 
in eaCh alternate Power might be wanting ; but found it 
neither fo Ample or uniform as the other. Yet the firft ftep 
thereof is I conceive moft commodious for Pra&ice, and with¬ 
al exaft enough for Numbers not exceeding fourteen places, 
fiich as are Mr. Briggs's large Table of Logarithms; and there- 

a l 

fore I recommend it to common Ule. It is thus: a 4 - --", 

✓ 1 I — 


— jnrrj Will be theNumber anfwering to the Logarithm 
i* differing from the truth by but one half of the third 


ftep of the former Series. But that which renders it yet more 
eligible is* that with equal facility it ferves for Briggs’s or any 
other fort of Logarithms* with the only variation of writing 

~ inftead of r* that is, a -f- ) and b — — V, 

i.l a j-y — iiy 

wr —;- ~i — a °d -tty » which are eafily refblved into 

~m i'Ti* 


Analogies, viz,. 

As 43429 &c.— \l to 43429 -f-1 1 :: Sois <*7 totheNum- 
orAs 43429 &C. 4 -W to 43429— {III So is ber fought. 


If more ftepsof this Series be defired*it will be found as follows, 
a -|- - ~ j ' ll 2 / &c- may eafity be demon- 

ftrated by working out the Divifions in each ftep, and colle¬ 
cting the Quotes, whofe Sum will be found to agree with our 
former Series. 


Thus I hope I have cleared up the Do&rine of Logarithms, 
and fhewn their GonftruCtion and Ufe independent from the 
Hyperbola, whofe Affections have hitherto been made ufe of 
for this purpofe, though this be a matter purely Arithmetical, 
nor properly demonftrabie from the Principles of Geometry. 
Nor have I been obliged to have recourfe to the Method of 
Indivifibles, or the Arithmetick of Infinites, the whole being 
no other than an eafie Corollary to Mr. Newton's General 


Theorem for forming Roots and Powers. V. A 



